Transformer Operator Learning: Setup & Objective Two-Level Softmax Partition of Unity PDE Experiments: Does Intrinsic Dimension Affect Scaling?

We consider supervised learning of a nonlinear operator G : U4 — V from finitely sampled input The key idea is to localize jointly in the input-function space and the output domain. We test the theoretical prediction dy; 1 — slower empirical data scaling.
functions and pointwise output queries.
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The training sample can be written as & = {(S,, (wi), yij, vij) 1 1 € [n], 7 € [ny]}. Two-level Softmax POU approximation: - G, (u)(y) = 2_xZ; 22 Be(w) m(y) Gluk)(z1) o ~ - s |
For an input function u, define its discretized representation The two POU weights are -
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Statistical objective. For the empirical risk minimizer T € arg mingey Ls(T), we study For each anchor pair (ug, zg), Block 1 constructs the joint input-output localization logit. Block 2 _ | »
5 applies Softmax and aggregates the corresponding anchor values G(ug.)(zy). ’
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Approximation and Generalization Scaling Laws O s. This motivates quantifying the improvement through an empirical power-law fit.
Main question. How does this error scale with model size and training-data size? , | Empirical data scaling. We fit the test error by
Complexity exponent. The model and data scaling rates are governed by _
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Theoretical Transformer Architecture & Structural Assumptions o ‘22 L 2y (1 X 3) | where p is the empirical data-scaling exponent.
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Given Sp,.(u) and a query y € Qy, we organize the sampled input function and query into the o | | 1D Burgers kdV
token sequence Theorem 1: Transformer approximation. For any target accuracy e > 0, there exists a Transformer - dy=2,p=283 | ;- - dy=4,p=2.10
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The hidden sequence is then processed by two encoder blocks, followed by a linear readout: Thus, up to logarithmic factors, approximation error ~ Nt;tla/ls‘ 10 \\\5 10_4_5 | \i
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Assumption 1: Smooth and low-dimensional input class. . 2\ e (lo e_l)le/OhLl pureers s p = 28 fordu =2 p =251 fordu = (ep=2a0ord=dp=1ATIord =
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sup ||ul|ce < By, Cy < Ciry Y. ny n Key takeaway. For both PDEs, larger d;, yields a smaller empirical scaling exponent p,
uci . o o . consistent with the predicted slower data scaling.
Here Cp; is the size of an ry-cover of U in L?, that is, sup,cyy mingeicy,] [|v— uk”LQ(Qu) < 1y Balancing approximation and estimation errors gives 2
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