Denoising Autoencoder: Setup & Question

Main Theoretical Results

Data Setting
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Training. VWe have the learned autoencoder QA — Do 5, with Q € arg ming%
and consider MSE = E||G(y) — x||3.
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Noisy input — encoder — latent representation — decoder — denoised output.
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Image

For single and pairwise separated manifolds, the reconstruction error has the common structure

do? D 2q°T2 ’
C1— +Chexp | — \/ —1-1

L

tangential-noise term < = - =
projection-failure tail

< 21 31— 75 1ngd
MSE S CD%log” Dn d+2log™ n +

Staﬁsh?:ral term

Here 7 = 7 for a single manifold and 7 = 7, := min, 7y, for separated manifolds.
Scenario 1: Single manifold. The bound above holds for o < g7 .
Scenario 2: Separated manifolds. The same structure remains under pairwise separation.

Scenario 3: Intersecting manifolds. Let p, = P(x € Z;.). Then
MSE < (1 — p,)[three-term bound] + 4DB?p,

ambiguity term

|G (y;) — Xz’H%’ Key message. The sample-size scaling law satisfies MSE(n) ~ n™ “theory up to logarithmic factors,
where aijeory = d%z' Thus, the scaling exponent is governed by the intrinsic dimension d.

Main question. How does the reconstruction MSE scale with sample size n, and is this scaling
governed by the intrinsic dimension d rather than the ambient dimension D?

Geometric Scenarios & Motivation

Synthetic Experiments: Geometry & Sample-Size Scaling

Scenario 1: Single Manifold

Scenario 3: Intersecting Manifolds

I, ={x e M :dist(x,Z) <r}

supp(u) C M

Scenario 2: Separated Manifolds

dist(My, Myp) > 2A

Why intersections matter
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Single-manifold geometries: clean / noisy / denoised. Intersecting geometries: ambiguity emerges near intersections.

Denoised
Testing the scaling law. Define MSEcor(n) = MSE(n)/log*n. Then log MSEcom(n) ~ C —
Qtheory 10g 11, SO the negative log-log slope estimates ayyyeory = dl+2'

Real Image Data

We test the DAE on high-dimensional image datasets with unknown underlying geometry.
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Extended Yale B: clean / noisy / denoised.

OCTMNIST: clean / noisy / denoised.
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Sample-size scaling. \We estimate the empirical exponent & from the decay of test MSE with
sample size.
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MNIST All-Digits: log10(MSE) vs log10(n)
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Yale B Balanced: 1og10(MSE) vs log10(n)
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OCTMNIST (Normal Only): log10(MSE) vs log10(n)
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(a) Regional denoising error
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Near intersecting class structures, component identity may become ambiguous. 0.008 -
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—$— Overall

—&— Near intersection
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X-shaped intersection (d = 1). Left: regional test MSE versus sample size; the noisy-input baseline is o2 = 0.122 = 0.0144. Right: corrected log-log fits, with theoretical
reference slope —2/3.
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(b) Corrected scaling fit

= Qverall: -0.643

=== Near intersection: -0.591

== Away from intersection: -0.665
= = Reference slope —2/3
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MNIST Extended Yale B OCTMNIST

Single Manifold Intersecting Manifolds Real Images
Dataset  (D,d) o g Q Geometry (D,d) dim(Z) awm  Gnear  Oaway Dataset D & ot
Circle (6,1) 0.149 0.67 0.67 X-lines (2,1) 0 0.667 0.591 0.665 MNIST 784 0.166-0.234 6.5-10.0
Sphere S* (6,2) 0.149 0.50 0.50 2 circles  (2,1) 0 0.667 0.607 0.694 Yale B 2016 0.111-0.151 11.2-160 9-15
Sphere S3  (6,3) 0.299 040 0.48 2 spheres  (3,2) 1 0.500 0.552 0.595 OCTMNIST 784 0.236-0.259 5.7-6.5 10-11.5
Genus-2  (3,2) 0.151 0.50 0.53
Swissroll  (3,2) 0.259 0.50 0.53

Takeaway. For synthetic manifolds, the empirical exponents closely follow aqpeqr, = d%Q’ and
the away-intersection scaling remains. For real images, the estimated scaling-based effective
dimension d.g almost matches independent intrinsic-dimension estimates directly from the data .
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